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FREQUENCY ENTRAINMENT IN 
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Hanoi University of Mining and Geology 
ABSTRACT. In the present paper, the frequencies for appearing the entrained oscillations 
in a self-oscillatory system under the parametric excitation, have been determined. 
The almost periodic oscillation which develops from the entrained oscillation when the 
driving frequency is given just outside the region of entrainment also have been investigated 
by the method of the phase plane. 
1. Introduction 
The phenomenon of frequency entrainment occurs when a periodic force is ap-
plied to a system whose free oscillation is of the self-excited type [1]. The entrain-
ment of frequency still occurs in the interaction between self-excited oscillation and 
parametric one [2]. In the present paper the region of entrainment for one of such 
systems will be examined and a numerical analysis will be carried out to study the 
almost periodic oscillation which occurs just outside the region of entrainment. 
2. Entrained oscillation 
The system under consideration is governed by the equation: 
i + z -: c/3(1 - f'Z 2).i - EO:Z cos vt = 0, (2.1) 
where ,B, a, v, 'Y are constants and E is a small parameter. When a is equal to 
zero, equation (2.1) is a classical Van der Pol's equation and the amplitude of stable 
stationary oscillation is: 
When f3 is equal to zero, the equation (2.1) describes a parametric oscillator. When 
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I n t r o d u c i n g  n e w  v a r i a b l e s :  
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o f  t h e  e q u a t i o n s  ( 2 . 6 )  a r e  d e t e r m i n e d  b y :  
w h e r e  A =  x 6  +  y 5 .  
(  - a +  ~a ) Y o +  f 3 x o ( l  - A )  =  0 ,  
( a  + .~a ) x o  +  f 3 y o ( l  - A ) =  0 ,  




f r o m  ( 2 .  7 )  g i v e s :  
A ( a
2  
+  { 3
2




) =  0 .  
( 2 . 4 )  
( 2 . 5 )  
( 2 . 6 )  
( 2 . 7 )  
( 2 . 8 )  
I t  i s  r e a d i l y  s e e n  t h a t  t h e  t r i v i a l  s o l u t i o n  i s  A  =  0  a n d  t h e  n o n - t r i v i a l  s o l u t i o n s  
a r e  d e t e r m i n e d  b y :  
( C o ) :  
1  
a 2  +  { 3 2 ( 1  - A ) 2  - 4 a 2  =  0 .  
( 2 . 9 )  
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3. Region of entrainment 
We use the variational equations in t5x and t5y to study the stability of the 
stationary oscillations obtained from (2.6): 
where 
t5x = e1t5x + e2t5y, 
e1 = ,8(1 - 3x6 - Y6); 
1 
e3 = (]' + 2a - 2,8xoyo; 
1 
e2 = -o-(J' + -a - 2,8xoyo, 2 
In order to classify the singularities, we calculate the quantities': 
p = e1 + e4 = 2,8(1 - 2A), 
2 2 1 2 q = e1e4 - e2e3 = ,8 (1 - A)(l - 3A) + (]' - 4a + 2a,8x0y0 . 
(3.1) 
(3.2) 
Multiplying the first equation of (2. 7) by x0 and the second one by y0 then adding 
them give: 
axoYo = -,B(l - A)A. 
Consequently, q can be rewritten in the form: 
2 . 2 1 2 q = ,8 (1 - A)(l - 5A) + (]' - 4a , 
p2 - 4q = 4,82(2 - A)A - 4( (]'2 - ~a2) . 
The equations of the separatrices in the A-(]' plane are: 
(C1) : 
1 
p=O or A=2 , 
(C2) : q=O or ,82(1 - A)(l - 5A) + (]'2 - ~a2 = 0, 
p2 - 4q = 0 1 (C3): or ,82(2 - A)A - (]'2 + -a2 = 0. 4 
These separatrices are shown in Fig. 1 for the values 
€ = 0.1; ,8 = 1 and a= 1. (3.3) 
It is readily verified that the ellipse ( C2) is tangent to the ellipse ( C3) at the two 
points lying on the line (Ci). 
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T h e  n a t u r e  o f  t h e  d i f f e r e n t  a r e a s ,  w h i c h  a r e  s e p a r a t r i c e s  b y  t h e  b o u n d s ,  i s  e a s i l y  
d e t e r m i n e d  a s :  
F o r  p o s i t i v e  v a l u e s  o f  q ,  t h a t  i s ,  i n  t h e  i n t e r i o r  o f  t h e  e l l i p s e  (  C
2
)  w e  h a v e  s a d d l e  
p o i n t s  S .  
F o r  n e g a t i v e  v a l u e s  o f  q ,  t h a t  i s ,  i n  t h e  e x t e r i o r  o f  t h e  e l l i p s e  (  C 2 )  w e  h a v e  
- F o r  t h e  c a s e  p  >  0  ( A <  1 / 2 )  u n s t a b l e  n o d e s  U N  i f  p
2  
- 4 q  >  0  ( i n  t h e  i n t e r i o r  
o f  t h e  e l l i p s e  (  C
3
) )  o r  u n s t a b l e  f o c u s e s  U F  i f  p
2  
- 4 q  <  0  ( i n  t h e  e x t e r i o r  o f  t h e  
e l l i p s e  (  C 3 )  ) ,  
- F r o m  t h e s e  r e s u l t s  w e  c a n  i d e n t i f y  o n  t h e  A - a  p l a n e  t h e  a r e a s  c o r r e s p o n d -
i n g  t o  d i f f e r e n t  t y p e s  o f  s i n g u l a r i t i e s  ( F i g .  l a )  a n d  e a s i l y  d e t e r m i n e  t h e  s t a b i l i t y  o f  
s t a t i o n a r y  s o l u t i o n s .  
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A s  m e n t i o n e d  a b o v e ,  t h e  r e s o n a n c e  c u r v e s  ( 2 . 8 )  c o n s i s t  o f  t w o  b r a n c h e s .  T h e  
f i r s t  o n e  c o r r e s p o n d i n g  t o  t r i v i a l  s o l u t i o n s  i s  t h e  l i n e  A  =  0 .  I t  i s  c l e a r  t h a t  t h e y  
a r e  u n s t a b l e .  T h e  s e c o n d  b r a n c h e  ( C o )  i s  a n  e l l i p s e  d e s c r i b e d  b y  t h e  e q u a t i o n  ( 2 . 9 )  
w i t h  c e n t e r  a t  A =  1 ,  a =  0  a n d  t w o  a x e s  a  a n d  a /  ( 3 .  
D i f f e r e n t i a t i n g  b o t h  s i d e s  o f  ( 2 . 9 )  a n d  s e t t i n g  d a / d A  =  0  w e  o b t a i n  t h e  l o c u s  o f  
t h e  v e r t i c a l  t a n g e n t s  o f  t h e  r e s o n a n c e  c u r v e  a s :  
2  )  )  2  1  2  
( 3  ( 1  - A  ( 1  - 3 A  + a  - - a  =  0  
4  .  
( 3 . 4 )  
O n  t h e  o t h e r  h a n d ,  w e  t r y  t o  f i n d  t h e  l o c u s  o f  t h e  p o i n t s  w h e r e  t h e  e l l i p s e  (  C
2
)  
a n d  t h e  r e s o n a n c e  c u r v e  (  C
0
)  i n t e r s e c t  b y  a d d i n g  t h e i r  e q u a t i o n s  t o g e t h e r .  T h i s  
l e a d s  t o  t h e  s a m e  e q u a t i o n  a s  ( 3 . 4 ) .  T h u s  t h e  v e r t i c a l  t a n g e n c i e s  o f  r e s p o n s e  c u r v e  
o c c u r  a t  t h e  i n t e r s e c t i o n  w i t h  t h e  e l l i p s e  (  C
2
) .  F r o m  h e r e  i t  f o l l o w s  t h a t  t h e  u p p e r  
p a r t  o f  t h e  r e s o n a n c e  c u r v e  (  C
0
)  l i m i t e d  b y  v e r t i c a l  t a n g e n t s  c o r r e s p o n d s  t o  t h e  
s t a b l e  s t a t i o n a r y  o s c i l l a t i o n s .  
1 4 0  
A similar analysis has been done l)r---------------






driving frequency is in the neighbour-
hood of 1/2 or 1/3 of the natural 
frequency of the system. Under this 
condition, no entrained oscillation is 
obtained. As a result, the frequency 
entrainment only occurs at the 1/2-
harmonic driving frequency, that is, 
when half of the frequency of para-
metric excitation is in the neighbour-
hood of the natural frequency of the 
system. In Fig. 1 b the region of en-
trainment on the a-v plane is shown. 
0-------+----~-----' 
0 .5 1.5 
Fig. lb 
4. Almost periodic oscillation which develops from entrained oscilla-
tion 
When the driving frequency is given just outside the region of entrainment, the 
subharmonic oscillation is no longer maintained in a stable state but is affected 
by amplitude and phase modulation due to the interaction with the self-excited 
oscillation. Consequently one may expect the occurrence of an almost periodic 
oscillation which can be expressed by (2,3) and (2.5) as: 
(4.1) 
where x(t) and y(t) are slowly varying functions oft and are to be found from the 
equations (2.6): 
x = X(x,y), 
iJ = Y(x, y). 
To this end we consider the behaviour of integral curves defined by: 
dy X(x, y) 
-dx Y(x, y) 
(4.2) 
(4.3) 
in the x-y plane. A numerical analysis was carried out by using the same parameters 
as in' (3.3) and with I= 1. Typical examples in such a case are shown in Fig. 2a, 2b 
and 2c. These figures show the integral curves under the conditions that the driving 
frequencies are given near the boundary of the region of entrainment -0.5 < a < 0.5. 
The integral curve for the case a = 0.49 is plotted in Fig. 2a, where we see 
5 singularities. The unstable origin (1) corresponds to the trivial solution of the 
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s y s t e m .  T h e  s i n g u l a r i t i e s  ( 4 )  a n d  ( 5 )  a r e  s a d d l e  c u r v e  ( C o )  i n  F i g .  l .  T h e  s t a b l e  
n o d e s  ( 2 )  a n d  ( 3 )  r e p r e s e n t  t h e  e n t r a i n e d  o s c i l l a t i o n  a t  t h e  f r e q u e n c i e y  1 / 2  v .  I t  i s  
c l e a r  t h a t  a l l  i n i t i a l  c o n d i t i o n s  l e a d  t o  t h i s  o s c i l l a t i o n .  
y  
"  
F i g .  2 a  
y  
2 _  
x  
F i g .  2 b  
A t  t h e  b o u n d a r y  o f  e n t r a i n m e n t  a =  0 . 5  t h e  c o a l e s c e n c e  o f  t h e  s t a b l e  n o d e  w i t h  
t h e  s a d d l e  t a k e s  p l a c e .  I n  F i g .  2 b  w e  s e e  a n  u n s t a b l e  o r i g i n  ( 1 )  a n d  t w o  u n s t a b l e  
n o d e - s a d d l e  p o i n t s  ( 2 )  a n d  ( 3 ) .  T h e  s u b h a r m o n i c  o s c i l l a t i o n  i s  n o  l o n g e r  s u s t a i n e d .  
I n s t e a d  o f  t h i s  a  l i m i t  c y c l e  o c c u r s ,  i . e .  a n  a l m o s t  p e r i o d i c  o s c i l l a t i o n  a r i s e s .  
1 4 2  
When the detuning rJ is larger, rJ = 0.51, in Fig. 2c there is only an unstable 
origin and a limit cycle. That is. all initial conditions lead to the almost periodic 
oscillation. If the quantity z in ( 4.1) is written in the form: 
z = r(t) sin (~t + O(t)), 
the variation of the amplitude r and phase () are shown in Fig. 3. They vary slowly. 
The period required to complete one revolution along the limit cycle is 388.18 ... 
times the period of the parametric excitation. Since in the neighbourhood of the 
singular points from which the limit cycle has developed the representative point 





It was shown that there exists only one region of entrainment for the self-
oscillatory system subjected to parametric excitation of the form (1.1) at the 1/2-
harmonic driving frequency, that is, when half of the frequency of the parametric 
excitation is in the neighbourhood of the natural frequency of the system. The 
occurrence of the almost periodic oscillation outside the region of entrainment and 
the transition between the entrained oscillation and the almost periodic oscillation 
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